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We present a generalization of quantum teleportation that distributes quantum information 
from a sender's d-level particle to N particles held by remote receivers via an initially shared 
multiparticle entangled state. This entangled state functions as a multiparty quantum information 
distribution channel between the sender and the receivers. The structure of the distribution channel 
determines how quantum information is processed. Our generalized teleportation scheme allows 
multiple receivers at arbitrary locations, and can be used for applications such as optimal quantum 
information broadcasting, asymmetric telecloning, and quantum error correction. 
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C/5 ■ I. INTRODUCTION 
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In the quantum teleportation scheme M, quantum information of an unknown state of a d- level particle (an 
"input" particle) is faithfully transmitted from a sender (Alice) to a remote receiver (Bob) via an initially shared pair 
of maximally entangled particles. The distributed entangled particles shared by Alice and Bob function as a quantum 
information channel for the faithful transmission. Quantum teleportation has been demonstrated in several successful 
experiments It represents the basic building block of future quantum communication networks between distant 
parties [|. 

In addition to the "one-to-one" quantum communication of teleportation, it is natural to consider "one-to-many" 
ON ' quantum communication via quantum channels, i.e. quantum broadcasting from a sender to several spatially separated 
receivers. However, it is not possible to perform "one-to-many" quantum communication perfectly, because the no- 
1 cloning theorem Q forbids perfect duplication of quantum information. Approximate methods for quantum cloning 

|| are known but these methods require all parties (the original and all the approximate copies) to be in one place. 

1 K . Our strategy for "one-to-many" quantum communication is to distribute quantum information of a particle from 

a sender to many distant receivers. Such a strategy, dubbed quantum telecloning, has been suggested in ||. In the 
quantum telecloning scheme, information of an input qubit (a d = 2-level particle) is distributed into M particles which 
are optimal clones and M — 1 which are ancilla particles, all spatially separated from each other. This transmission 
is achieved by first establishing a particular initial entangled state between the sender and receivers. The protocol of 
quantum telecloning is then similar to that for original quantum teleportation [Q, consisting of a joint measurement 
by Alice, 2-bit classical communication from Alice to Bob and a local operation by Bob. This "optimal broadcasting" 
of quantum information relies on the structure of the distributed entanglement which functions as a one to many 
quantum communication channel. Recently, the telecloning protocol has been generalized to the case of N (< M) 
identical input qubits being distributed to M spatially separated parties by Diir [||. In this generalization, the same 
entangled state of || is used for the quantum channel, but a more generalized POVM is performed for the joint 
measurement. 

We also consider variation of this distribution method for alternative applications. In this paper, we present optimal 
quantum information broadcasting for d-level particles, asymmetric telecloning of qubits, and quantum error correction 
via entanglement as examples of a generalization of quantum teleportation to one-to-many quantum communication. 
The important rule of our game is that the receivers are spatially separated from each other so that we do not allow 
any global operations among receivers. 

There is an alternative trivial way to distribute quantum information from a sender to many receivers if we allow the 
sender to run quantum networks that involve global operations of many particles. In this case, the sender first performs 
quantum networks for encoding one particle information into several particles in her site. Then she transmits the 
encoded particles to each receiver using the original teleportation scheme with two particle maximally entangled state 
0. For the transmission, M log 2 d e-bits of entanglement are required to distribute quantum information of a d-level 
particle into the spatially separated M receivers. The sender performs the measurement M times and uses Md 2 /2 
bits of classical communication from the sender to receivers. On the other hand, in our direct information distribution 
scheme, multiparticle entanglement is used simultaneously for both encoding information and transmission. We need 
only a single joint measurement and require only d 2 /2 bits of classical communication (announced publically to all 
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the receivers) . The amount of entanglement between the sender and the receiver as the whole is log 2 d e-bits. Thus 
our direct information distribution via entanglement is more efficient in terms of local and global operations, classical 
communication and the resource of entanglement. 

Distributing information to several different parties can be useful for protecting against eavesdropping. Thus the 
information distribution can be used for more secure quantum communication. The "tele-error-correction" scheme will 
provide us with another interpretation of quantum error correction and an interesting observation about entanglement 
required for the quantum channel for encoding. Our information distribution scheme can be also functions as a "ready 
made network" [[7| when all the particles of the quantum channel are at one site, say Alice's site. The quantum channel 
is then a "black box" having an input port and several output ports to encode a single particle state into a multiparticle 
state. The "manufacturer" performs the complicated quantum operations to produce the black box. Alice, the "user" , 
only needs to perform the joint measurement for inputting information, and single particle operations depending on 
the measurement outcome, instead of several CNOT operations required for the global operations of particles. 

The rest of the paper is organized as follows. In section |H| we present our generalization of quantum teleportation 
for information distribution. Applications of the information distribution scheme are then presented in the following 
sections. The optimal quantum information broadcasting (1 — ► M telecloning) for <i-level particles is shown in section 
[II the asymmetric telecloning for distributing information with different fidelity for each receiver are investigated in 
section |lV[ Tele-error-correction, quantum error correction via the information distribution scheme, is presented in 
section |V[ A summary is given in section [v| . 



II. A GENERALIZATION OF QUANTUM TELEPORTATION 

In the quantum teleportation scheme of Bennett et al Q , a pair of maximally entangled particles (d- level particles) 
initially shared by a sender (Alice) and a receiver (Bob) functions as a channel for quantum information with the 
help of a classical information channel. Alice's particle is used as a "port" for information input, and Bob's particle 
is used as the "output" port in the scheme. We may imagine that there are two processes taking place during the 
faithful transmission of quantum information of an unknown state of an "input particle" from Alice to Bob. The first 
process is the "information input" process. Alice performs a joint measurement in the maximally entangled basis of 
the input particle and her port particle. Alice obtains one of the d 2 possible measurement results. This operation 
"injects" quantum information from the input particle into the quantum channel. We call this measurement a 
"Bell- type measurement" not only in the context of qubits (d = 2), but in general for d-level particles and the 
maximally entangled basis is called the Bell basis. Injected information appears at Bob's output particle as one of 
the d 2 orthogonal states depending on the result of the Bell-type measurement. Without information about Alice's 
measurement result, the output particle of Bob is in an equal mixture of d 2 orthogonal states, which does not provide 
any information about the original states. (If the output state of Bob gave any information of Alice's input before 
receiving the measurement result from Alice, Alice and Bob could communicate faster than light!) Thus we need 
a second process, the "recovery unitary operation" (RUO). In this process, Alice notifies which of the d 2 possible 
measurement results she obtained. Then Bob performs a unitary operation on the output particle depending on the 
measurement result to recover the quantum information of the input particle. 

Now we generalize the quantum teleportation scheme for distributing quantum information of a d-level particle to 
more than one receiver via a multiparty quantum channel. The quantum channel is a multiparticle entangled state 
initially shared between the sender and the receivers (Bob, Charlie, and so on). The sender and receivers are spatially 
separated from each other and no global operation between particles held by different receivers is allowed. 

In our scheme, the input, port and output particles of the original teleportation scheme are replaced by groups of 
input particles, port particles, and output particles. We represent the number of the input, port and output particles 
as Ni, N p and N a , respectively. We denote the basis of the <i-dimensional subspace of the original quantum state (of 
a d-level particle) as {|V>j)} for the input particles, {|7Tj)} for the port particles, and {|</>j)} for the output particles, 
where j — 0, 1, d—1. All these bases are represented by the states of (multi)particles. For example, information of 
a d-level particle implemented in the sender's Ni input particles is represented as 

d-l 

M = 5>j|^> (i) 

3=0 

under the constraint ^ \aj\ 2 = 1. 

The quantum channel for information distribution between the sender and the receivers is a maximally entangled 
state of the sender's port particles and the receivers' output particles 
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IO = -^I>i>®l&>- (2) 

The joint state of the input particle and the channel is 

^ d-l 

IV)® 10= EE ® ^= E ex P [— 27r»iri/d] ■ ay | (3) 



where j + m = [(j + m) mod d] and |3> n m) is a joint state of the input particles and the port particle in a maximally 
entangled basis (the Bell-type basis) 

1 d_1 

l$nm) = ^= E exp \^ikn/d] ■ \t/> k ) <8> l^r) (4) 

for < n, m < ci — 1. Therefore, the RUO for a Bell-type measurement outcome |$ nm ) is given by 

U nm = E ex P [2nijn/d] ■ \4>j) (<kp^ ■ (5) 
j 

So far we have just relabeled the basis of the input and output particles from the single particle computational basis 
\j) into the multiparticle basis \ipj), \iTj) and \4>j). It is remarkable in our generalization for quantum information 
distribution that the RUO U nm can be replaced by a local recovery unitary operation (LRUO) U!££~, which is a direct 
product of local operations for each particle 

U^=Ul m ®---®U^ (6) 

where U l nm denotes the local operation for the l-th particle of the receivers. Although U]^ 1 7^ U nm in general for the 
full Hilbert space for the N Q particles, C/^ al operates in the same way as the RUO U nm in Eq. (||) on the subspace 
spanned by the output state basis {|</>j)} 

\<t>j) = u nm 1^-) (7) 

for any j. We note that the LRUO Eq. (^) is not always determined uniquely for the corresponding (global) RUO 
defined by Eq.(||). The condition that the RUO is local places additional constraints on the output state basis. 

Since the RUO U nm can be decomposed into the products of Uoi and Uio from the definition of Eq. (||), the LRUO 
U££™ may be decomposed in the similar manner: 

rrlocal jjlocal jjlocal jjlocal jjlocal /o\ 

U nm = U 10 ■ ■■■■ U W ■ U 01 ■ ■■■■ U 01 ■ (°) 

S v ' S v ' 

n times m times 

Then the condition for the output state basis is the existence of the following two LRUOs: 

u l r l 10;) = Wo 1 ! ® • • • ® Ug° |&) = <h=i) , (9) 



which changes the state from \<pj) to &j^\Ji an d 

t/jr%) =u i w ®---®u^°\<i> 3 ) 

= exp [2mjn/d] ■ |^-) , (10) 

which changes the phase depending on the state \<j)j). 

The protocol for distributing quantum information from a sender to spatially separated receivers 

d-l d-l 

I i>) sender = E °J I ^ ) —> I receivers = E °J I ^ > ' ( 1 1 ) 

via the quantum channel defined by Eq. (0) is the following: 
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1. The sender performs a Bell- type measurement on the input particles and the port particles in the basis {I'&nm)} 
. We expect d 2 different measurement outcomes. 

2. The sender classically (and publicly) broadcasts the measurement outcome (on which basis of |$„ m ) she obtained 
by the projection) to the receivers. 

3. Depending on the broadcast result |$„ m ), the receivers perform the LRUO E/^ al . 

Information of an initial state \ip) (of d- level system) is faithfully transmitted via the quantum channel to an encoded 
state \4>) which is the state of the particles distributed among N a spatially separated receivers. This "teleportation" 
of quantum information of a d-level particle is faithful because the channel represented by Eq. (|J) has log 2 d e-bit 
entanglement between the sender and the receivers as the whole. The appearance of the output information at each 
receiver's particle is the result of the information distribution. Distribution of information depends on properties of 
the output state basis \<j>j). 

This generalization of quantum teleportation looks simple in this representation. However as we will show later, it 
has more applications. Optimal quantum information broadcasting and asymmetric telecloning are just special cases 
of the scheme. Also quantum error correction can be carried out via entanglement with additional conditions on the 
output state and a slight extension of the concept of the Bell-type measurement in the decoding process. 



III. OPTIMAL BROADCASTING FOR MULTI-LEVEL PARTICLES 

Although information in an unknown quantum state cannot be copied perfectly (no-cloning theorem) [Q, a way 
has been found to obtain "optimal" copies of the original state by an global unitary transformation involving several 
particles |^|. The optimality of copies is defined by ensuring the largest fidelity from the original state. This quantum 
optimal cloning of qubits (d — 2 particles) has been studied in [p[-pT[. While optimal cloning transformations involve 
global operations on qubits, we have recently considered the problem of quantum "telecloning" for qubits (d = 2) in ||. 
Telecloning is a combination of the universal optimal cloning and quantum teleportation performed simultaneously. 
The aim of telecloning is to broadcast information of an unknown state from a sender to several spatially separated 
receivers exploiting an entangled state as a quantum channel. The properties of the quantum channel for the qubit 
telecloning has been investigated in [||. 

For the more general case, the problem of optimal cloning of N identical unknown input states to M output copies 
of d-level particles, which is called U N — ► M optimal quantum cloning" is formulated in jl2]. In that paper, Werner 
has shown that the optimal cloning map T to obtain M optimal clones from N identical (unknown) input states is 
the projection of the direct product of the N input states and M — N identity states onto the symmetric subspace of 
M particles: 

f(p) = ^ ]SM (p®l®( M - N ))s M (12) 

where sm is the projection operator for the symmetrized state of M d-level particles, p is the density operator for the 
input state given by the direct product of an input state \ip) (tp\ 

p= IV) M ®---® W (Vi (13) 

n times 

and d [N] is the number of the symmetrized state for N d-level particles given by d [N] —d+N+i Cjy. Werner has 
proved the optimality of the clones obtained by the cloning map Eq. ( |l2] ) mathematically. The cloning map is the 
completely positive, trace preserving map. However, physical implementation of the optimal cloning map is not 
obvious, since the cloning map ( |l2| ) is not a unitary transformation. To find the corresponding unitary transformation 
for the optimal cloning of d-level particles, we need a pure state representation including ancilla particles. 

In this section, we present optimal quantum information broadcasting for multi- level particles (1 — > M telecloning 
of a G?-level particle) , as an application of the quantum information distribution scheme described in the previous 
section. In our scheme, we obtain the pure state representing M optimal clones of an unknown state and M — 1 
ancillas. Consequently, we find the unitary transformation which implements the Werner's optimal cloning map for 
d-level particles f[2fl . 

For optimal quantum information broadcasting, the input state basis and the port state basis are taken in a single 
particle computational basis The output state basis is represented by the states {|</>j}} (j = 0, l,...,d— 1) 
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consisting of N a = 2M — 1 d-level particles where M — 1 particles are ancillas and M particles are for presenting 
optimal cloning states at the end of the protocol. 

The output state basis consisting of 2M — 1 particles is represented in terms of the normalized and the symmetrized 
state jCfe 7 ) °f M d-level particles 

where P denotes the port particles, A denotes the M — 1 ancilla particles and C denotes the M particles for optimal 
clones. The structure of the symmetrized state is the key feature for our optimal quantum information broadcasting 
as we will show later. In the computational basis, the symmetrized state can be represented by 

|4 M ) = 1 \V (ao, a x , ■ ■ ■, a M -i)) , (15) 

where V denotes an operator which creates the sum of all possible states represented by permutation of the elements 
{ao, • ■ • , <jm~i} for a n £ {0, 1, • • -d — 1} and a n+ i > a n under the constraint AT (S,^ 1 ) imposing the normalization of 
IZjf/- The index k for the symmetrized state is defined by the following: First we assign to each string {a , • • • , au-i} 
a number 

M-l 

h (a , ai, • • •, a M -i) = ^2 a nd M ~ 1 ~ n - (16) 
n=0 

Then we sort those numbers in increasing order. The index k (0 < k < d[M]) is then associated with the string 
{a , ■ ■ ■ , om-i} 

k = !m (ao, • • • ,ojf-i) (17) 

giving rise to the (k + l)th smallest number h (ao, ai, • • •, ajvj-i). 
The LRUOs for the output state basis {|</>j)} are given by 

t^r 1 =< m ® • •• ®u£ m ®U% m ® • •• ® U% m (18) 



where 



and 



AI — 1 ancillas M clones 



d-l 

Un,n = J2 ex P [-^ijn/d] ■ \j) (8 (JTTK\ , (19) 

3=0 



d-l 

uZn = ex P { 2 ™jn/d} ■ \j) ® (j + m\ , (20) 

3=0 



which has the complex conjugate phase of Eq.(|2C 

The quantum channel is the maximally entangled state between the port particle and the output state particles 

1 d-l 

\0 = -7jY,\i)p®\<t ) j)- (21) 



It can also be represented in terms of the symmetrized states as 

1 

7W] ,_„ 



d[M]-l 

|0 = -^= £ |?f> PA ®|4 M >a- ( 22 ) 
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The two groups of particles in the information distribution channel, the PA group and the C group, are symmetric 
to each other. This symmetry property leads to an LRUO U^~, which is the product of the local operations given 
by Eqs. (|l8|)-(p0|). The quantum channel is a maximally entangled state of (d[M])-level particles between the PA 
group and the C group. 

As we have shown in the previous paper ||, for the case of d = 2 (i.e. for qubits), only the M receivers' clone qubits 
in the quantum broadcasting channel are "directly" entangled to the port qubit according to the Peres-Horodecki 
criterion [ jl3| . If the partial transpose of the density operator is not positive, the two particles are entangled and 
otherwise, they are disentangled. The "structure" based on the two particle entanglement of the quantum channel is 
essential for the optimal quantum information broadcasting of (i-level particles like in the qubit case. However, because 
the Peres-Horodecki criterion is only valid for the case of limited dimensional particles (two qubits, or entanglement 
of a qubit and a "qutrit" ) , the necessity of the two particle entanglement for the distribution of quantum information 
is still a conjecture. 

Exploiting the communication channel given by Eq. (|T]) and following the protocol for the quantum information 
distribution described in the previous section, an unknown input state of the sender 

d-i 

I^>=£^-Ii) (23) 



is remotely "encoded" into the output state 



d-i 

i=0 



a j . (24) 



held by the 2M — 1 specially separated receivers via the quantum channel. This output state represents the M — 1 
ancillas and the M optimal clones. As we will show in the following, the reduced density matrix for M optimal clones 
coincides with a special case (N = 1) of the N — > M universal optimal cloning state for d-level particles, which was 
proved by Werner Q . 

The key property of the symmetrized state for our proof is that the symmetric state of M particle can be decomposed 
into single particle states and symmetric states of the other M — 1 particles: 

= I ^2 \aj) \Pm-x (ooj'" lOj-ijOj+iv ,0-m-i)) 

V^(ef) a • [o,.., d :; 

V^feF) a i£{ 0,.. ,<*-!} 

where k' — /m (floi ' " " i a j~ii a j+ii "' t a A/-i)- The sum in Eq. ( p5| ) is a special sum, it is taken only for different 
values of a,j G {0, • • • , d — 1} (if a,j — aj', only the smaller index j < j' is kept in the sum). To make the relationship 
between the index k and kl clearer, we define another function g that gives the index k of the symmetrized state of M 
particles when a value of the particle aj is inserted in the (j — l)th position of a symmetrized state of M — 1 particle 
having the index k! : 

k = g{a h k'). (26) 
Then the output state basis Eq. (|l4j) is represented by 

Vd _ 

where 



d[M-X]-l 



M-l\ 



n? = ' ■ (28) 

A detailed derivation of the Eq. (p7|) is found in the appendix. 
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The reduced density matrix of the clones is obtained by tracing over the ancilla variables 

pc = tv A \(j>) (<j>\ 
um-i—1 

= E A^rwmr^A 

1=0 

, d-1 d-1 d[M]-l 

= ^EE E \%w) a {%w\- (29) 

M i=0 i'=0 fe'=0 

The projection operator to the symmetric subspace of M particles in Werner's cloning map given by Eq. ( p2| ) in our 
notation is 

d[M] 

•h/ = EI^ m )(4 m |. (30) 

k=0 

Then the density matrix for 1->M <i-level optimal clones obtained by Werner [T^ ] is represented as 

po = t(|^) M) 



, d-1 d-1 "M-l-1 

= ^ee e ^r^'|^)) c (^, fe o|- (3D 

L J i=0 i'=0 fe'=0 

This density matrix coincides with our reduced density matrix for the clones Eq. (^9|). Thus the output state \<f>) 
given by Eq. ( p^ ) represents the optimal cloning state consisting of M — 1 ancillas and M optimal clones. 

IV. ASYMMETRIC TELECLONING 

Quantum telecloning described in the previous section distributes information from an input state evenly to distant 
receivers. However, it may be desirable to distribute information unevenly to the receivers. For example, if we trust 
Alice more than Bob, we may decide to distribute more information to Alice. Asymmetric quantum telecloning 
distributes information from an unknown input particle into several different parties with different fidelity for each 
party. The corresponding local operation for this information distribution is the asymmetric cloning proposed by 
|lj,|5[. In this section, we show an example of 1 — > 2 asymmetric telecloning for qubits (d= 2). 

For asymmetric telecloning, the input state basis is taken as the one qubit computational basis {|j)}. The output 
basis consist of three qubits, one ancilla qubit A held by Anne (note: she is not Alice) and two clone qubits B and C 
held by the receivers, Bob and Claire, as 

|fo> =-jL(|000)+p|101> + g|110» (32) 



|0!) =-i=(|lll)+p|010) + g|001)), (33) 

where q = 1 — p, J\f is a normalization factor given by Af = 1 + p 2 + q 2 and the order of the qubits is {^4, B, C}. 
The LRUOs are given by [7g° ca/ = a z ® cr z <£> a z and U[^ cal = a x ® a x ® a x . The information distribution channel for 
asymmetric telecloning, which is a maximally entangled state of the port qubit and the output basis (f>o and (j>i, is 
given by 

10 =^(|O)|0o) + |l)|0i» 
' {|0000) + |1111) 



p (|0101) + |1010» + q (|0110) + |1001»} . (34) 



The channel can be illustrated as follows Fig.[l] in the case p > q: 
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(port) 




(ancilla) 



Bob 



Claire 



FIG. 1. An asymmetric telecloning state. The width of lines between two particles represents the "strength" of entanglement 
between the two particles. The difference of strength of entanglement causes asymmetric telecloning. 

The information distribution channel for symmetric telecloning is, of course, given by the choice of parameters 
p = q = 1/2. If we choose p — or q = 0, the asymmetric telecloning state consist of two maximally entangled pairs 
(EPR pairs). In this case, the receiver who is sharing the EPR pair with Alice obtains faithful information of the 
input state and the other who is sharing the EPR pair with Anne, obtains no information at all. We now investigate 
how the parameters control the asymmetric distribution of quantum information via entanglement. 

Our generalized teleportation protocol with the choice of the distribution channel (33) maps the unknown input 
state — ao |0) + a>i |1) to the three qubit state 



10) abc = |</>o) + ai \4>i) ■ 
The asymmetric clones are represented by the reduced density matrices, 



(35) 



PB 



for Bob's clone and 



PC 



tr^c |<? 
1+p 2 
Af 



t?AB \(, 
l + q 2 



WW 



(36) 



(37) 



for Claire's clone, where \4> ) represents a state orthogonal to the input state IV') • 

To investigate the structure of the quantum channel for asymmetric telecloning based on two particle entanglement, 
we calculate the Peres-Horodecki criterion Jl3). For asymmetric telecloning, the Peres- Horodecki criterion for the 
reduced density matrix of the port qubit and Bob's qubit (for the asymmetric clone) pps is 



cb (p) 



1 - Ap + p 2 
4(1 -p + p 2 



and that for the reduced density matrix for the port qubit and Claire's qubit ppc is 

-2 + 2p + p 2 



cc (p) 



4{l-p + p 2 )' 



(38) 



(39) 



There is an interesting case, cc — 0, which is given for the parameter p = V3 — 1. In this case, the port qubit and the 
clone qubit of Claire are not directly entangled with each other and the fidelities of the clones, which is the matrix 
element of the reduced density matrix in terms of the input state (ip \ Pb \' i P)i are 



for Bob's asymmetric clone and 



fB ~ 3 + "6" 



fc = \ 



(40) 



(41) 
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for Claire's asymmetric clone. The state of fidelity 2/3 is obtained in the classical limit That is, only the 

"classical" information of the input state ip is transmitted via this disentangled channel. 

Here we note that some "classical" information of the input state has also been transmitted to the ancilla qubits of 
Anne. Since the reduced density matrix of the ancilla qubit is given by 

Pa = tr B c \<t>) (^1 

= ^m+^j^\^ ± ){^ ± \, (42) 

the ancilla qubit (after the telecloning protocol) can be considered to be a "clone" of very low quality, the fidelity 
1/7V < 2/3, where the equality is taken at p = q = 1/2 (symmetric telecloning). The ancilla qubits only contains 
"classical" information of the input state. For the asymmetric case, the ratio of the fidelity of the clones for Bob, 

Claire and Anne is [l + p 2 ] ■ 1 + (1 — p) 2 ■ 1, and Anne always keeps a "junk" clone which only contains some 

classical information of the input state irrespective of the parameter p. 

As pointed out by Dur Q, the reduced density matrix of the symmetric telecloning state of the port and clone 
qubits ppb is a Werner state pw p2j - A Werner state is a state which is diagonal in the maximally entangled state 
basis {<£>+ = $00,*" = $01, * + = $10, *~ = $11}- The largest diagonal element of p PB (fidelity) is 

<*1«l* + > = ^. (43) 

Thus if we only "see" the port qubit and the one of the receivers' qubit, 1 — » M (symmetric) quantum telecloning is 
equivalent to the standard teleportation using an imperfect quantum channel made of the Werner state pw ■ For the 
case of M = 2, the fidelity of the Werner state is 3/4. 

For asymmetric telecloning, the reduced density matrix of the quantum channel is also represented by the Werner 
state as 

pp B = ^{(l+pf\<t> + )(<S> + \ 

+ q 2 (|$-) ($-| + |*+) (*+| + I* - ) <*"|)} • (44) 
This representation of the quantum channel shows the relation between the asymmetric telecloning and Cerf 's Pauli 



Cloning machines |14|. Cerf has suggested that a Pauli Cloning Machine, which exploits a depolarising channel 
represented by the Werner state, performs as a universal asymmetric cloning machine. The Pauli Cloning Machine 
is universal (i.e. independent of input states) only in the case of depolarising channels. Therefore our asymmetric 
telecloning is the only scheme to distribute information with a given ratio of fidelity irrespective of the input state. 



V. TELE-ERROR-CORRECTION 



Since decoherence is the main obstacle to quantum information processing, the discovery of quantum error correction 
schemes is very important for the practical realization of quantum computation and quantum communication. 
In this section, we show how quantum error correction can be performed via distributed entanglement as another 
example of our information distribution scheme. 

The standard quantum error correction schemes jlTj consist of the following four processes. 

1. The first process involves encoding information. Information of a qubit is encoded into a state of N e qubits 
(N e — 3 for the case that only one kind of error happening to one of the qubits, N e — 5 or N e = 7 for the case 
that one of the three kinds of errors happening to one of the qubits) by an global unitary transformation of M 
qubits. 

2. After encoding, you may have an error in one of the encoded qubits. The second process is for decoding 
information of the state after an error occurs. 

3. The decoding process is performed by a reverse global unitary transformation of encoding. After the decoding 
process, one of the qubits is an "output qubit" and the others are ancilla qubits which indicates whether an 
error occurred. The relationship of the states of the ancilla qubits and in which qubit the error occurred is given 
in the syndrome table. 
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4. The fourth process is to correct errors. We measure the ancilla qubits and correct an error indicated by the 
measurement result and the syndrome table. Alternatively, some global transformation among the decoded 
qubits may be performed for error correction instead of measuring ancilla qubits. 

The first process, encoding qubit information into a state of many qubits for error correction, is carried out via our 
information distribution scheme with the appropriate choice of output state basis consisting of N e qubits. We limit 
ourselves to the case of correction of a single error. Three kinds of errors may happen to a qubit in the encoded state. 
These are equivalent to the single qubit operation u z (type 1), a x (type 2) or a z ■ a x (type 3). An error of the type 

I (I = 1, 2, 3) happening to the 77th particle (rj = 1, • • • N e ), ej', maps from an output state basis \<pj) to a state <p^V 

The index £ is determined by £ = (I — 1) N e + rj. We define that £ = represents no error. In some other cases, only 
one type of errors is expected. In this case, we only need to consider 1 = 1. If we denote the total possible types of 
errors as L, £ takes (LN e + 1) different values, £ = 0, • • • , LN e . The state changes through the encoding process and 
error as follows: 

1 1 

3=0 ]=Q 
1 

— Hv>=I>i|¥>|). ( 45 ) 
3=0 

For successful information distribution scheme via teleportation, the output state basis is required to have the 
LRUO E/~Jj • In addition, it has to satisfy the following condition 



t „ , , , , 



b r\4 e 7l^) = k<p 



S = S 3,fk,C> (46) 



for error correction. This condition states that different errors map a state into different states so that it is possible 
to distinguish different errors. The state after an error indicated by £ is not in the subspace of the original output 

state basis {| (/>•;)} but in the subspace of the j tpjjj. We now treat the Hilbert space of dimensions LN e + 1, which 

is the sum of all subspaces for given £, instead of 2 dimensions for a qubit and the subspace of the output state. 

The decoding and the error correction steps can be described by the information distribution scheme analogous 
to telecloning instead of performing a global unitary operation. We use a pair of maximally entangled qubits for 
the quantum channel = ( 1 00) + |11)) /V2), and an "extended" Bell-type measurement for the enlarged space 
occupied by the state after an error occurs. The joint state of the error state and the channel |£d) is 

x 1 

\<P) ® \Zd) = Y,Y1 K™) ® -m 5^ exp [ ~™ jn] ' a > \ j + TO )' (47) 

n m 3 

where l*^™) denotes the measurement outcomes of the extended Bell type measurement performed by the sender 

^ 1 

|*£m) = ~JK ex P [™H ■ <Pk) \ k + m ) (48) 

* fe=0 

for n, m = 0,1 and £ = 0,LN e . There are A(LN e + 1) different outcomes possible measured by the extended Bell 
measurement. However we only need information of n and m for finding the appropriate RUO. So the sender only 
needs to broadcast 2-bits of classical information to the receiver. The RUO for the output qubit 

1 

u nm = ^2 exp E 7r ^' n ] ' I-?') + m \ ■ ( 49 ) 

3=0 

will give the error corrected original state (in a remote place from the error state). 

A. 3-qubit code 

To illustrate our tele-error-correction scheme, we present a simple example, a three qubit error correction code 
(Fig. 0). This code is able to correct an error, which is known to be one of {a z , a x , a z ■ a x } that happens to one of 
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the qubits in the encoded state. In the following, we investigate the case of an amplitude error (type 2). We start 
from the encoding process. The output state basis for encoding is the three qubit state: 

\<h) = 1000) (50) 
|0i) =|111). (51) 

The LRUO is given by Uq° — a x ® a x u x and U[q COj1 — u z ® a z ® a z in the computational basis. 

The communication channel for encoding is given by the four particle GHZ-type maximally entangled state in the 
tilded basis 

%) = \ (|0000) + |1111)) . (52) 

The sender and the receivers follow the information distribution protocol. The sender performs the Bell-type mea- 
surement of the input and port qubits and broadcasts the measurement result to the receivers. Depending on the 
four different measurement outcomes |$ nm ), the receivers perform the LRUOs. Then information of the input qubit 
is encoded into the three qubit state 

\<t>) =a |000) + ai|lll). (53) 

For decoding and error correction, we require all the encoded qubits (which may have a phase error) to be at the 
same site of the port qubit. We exploit a maximally entangled state \£d) = ( 1 00) + |11)) /\/2 as the quantum channel. 
The RUOs are given by U i — <J X an d U w = <r z . We perform the extended Bell-type measurement with the encoded 
qubits and the port qubit. After an error occurs, the encoded state is mapped to one of the four different states 
orthogonal to each other depending on the error index ((— 0, 1, 2, 3). For each £, we have one of four different Bell 
measurement outcomes, therefore we have one measurement outcome out of 16 possible joint states. These 16 joint 
states are equivalent to the 16 maximally entangle states for the four qubit GHZ-type state. We use the "full" Hilbert 
space of four qubits for error correction. 

If no error occurs, the extended Bell type measurement projects onto one of the only four states |$° m ) = \<&nm) 
(n, m=0,l), the same as in the standard teleportation scheme. If a phase error occurs in the rjth qubit (out of the 
three qubits), the phase error interchanges the state |0) <-> |1) of the nth qubit. The extended Bell type measurement 
projects into the |$^ m ), which is different from l^*) or l^*). We perform the appropriate local operation depending 
on n and m to the output qubit. Then we decode it back to the original input state \4>). 

Now we investigate the quantum channel for error correction. For the GHZ type maximally entangled state of N 
particles, there is no direct entanglement between any two qubits. If we trace out any one of the qubits of the GHZ 
type state, the rest is in complete mixture of the two orthogonal states consisting of N — 1 qubits. We have seen 
that quantum information is transmitted only via an entangled channel in the previous sections. How can we explain 
flow of quantum information in our error correction scheme via entanglement? In the information encoding process, 
quantum information of the input state should not be transmitted into any of the qubits. However, the port qubit is 
maximally entangled with all the three output qubits. From this fact, we may consider that quantum information is 
transmitted via entanglement among the three qubits and no information is implemented in the local state of each 
qubit. 



Bell M. 




error 



sender receivers 



Bell M. 



5 



-o 



decoding+correction 



-9- 






— ^ • 







sender 



receiver 



FIG. 2. Amplitude (or phase) error correction via generalized teleportation is illustrated. £ e denotes the quantum channel 
for encoding and ^ denotes the quantum channel for decoding and error correction. The first raw represents the protocol and 
the second raw represents how quantum information is encoded in each process. 
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The tele-error-correction scheme via entanglement channel is a method for quantum communication that is secure 
against a single qubit single type error attack of an eavesdropper. The single qubit single type attack of an eavesdropper 
appears in the encoded state as an error. We can correct the error and retain information of the input state. Thus the 
attack of the eavesdropper should not gain any information of the input state. We may consider an error correction 
repeater using a combination of the tele-error-correction schemes (Fig. ^). Here we present an example for an amplitude 
type attack, so we do not use the tilded basis. Consider Alice sending quantum information to Fred. Bob, Charlie, 
David, Elizabeth are located between Alice and Fred and pass through the quantum information. Alice and Bob, 
Charlie and David, Elizabeth and Fred are separated from each other and connected via secure quantum channels. 
Bob and Charlie are connected via an insecure channel and so are David and Elizabeth, there may be a single error. 
Their channels can be non-perfect EPR pairs or even optical fibers with which one may transmit a particle (photon). 
Alice shares the quantum channel for encoding |£ e ) with Bob and so does Charlie and David. Elizabeth and Fred 
share a quantum channel for decoding \£d)- Alice performs the Bell type measurement in the maximally entangled 
state basis for two qubits denoted by B (2) and send 2-bit classical information to Bob. Bob perform the appropriate 
(L)RUO of his three qubits. Bob sends information from the encoded three qubits via the insecure channel. Charlie 
receives the three qubits from Bob. An error might have happen to one of the three qubits. Charlie performs the joint 
measurement on the three qubits and the port qubit, which he shares with David in the maximally entangled state 
basis of four qubits denoted by B (4). Charlie and David follow the protocol of the information distribution scheme. 
David sends his three qubits via insecure channel to Elizabeth. Finally Elizabeth performs B (4) together with her 
three qubits and the port qubit of the quantum channel for decoding. The information of the original state of Alice 
is now found at the qubit hold by Fred. 



B(2) 



B(4) 



5e 





o¥ 



Alice Bob Charlie David Elizabeth Fred 

FIG. 3. The error correcting repeater using a combination of the three qubit error-correction via entanglement. 



We note that the distribution of quantum information for encoding is similar to quantum secret sharing and splitting 
scheme fl8|,[l9| if all the output state qubits are spatially separated as pointed out in |l9) . In jl9) , Cleve et al stress that 
every quantum secret sharing scheme is a quantum error-correcting code (in some sense), but that error correction 
codes are not necessarily quantum secret sharing codes. 



B. Correcting amplitude and phase errors 

Here we will show the output state basis for encoding in 5-qubit, 7-qubit, 9-qubit quantum error correction codes 
and their LRUOs. Now the extended Bell type measurement involves 6 qubits and 8 qubits; it is almost impossible to 
distinguish all the different outcomes, so it may not be practical, but it is interesting to investigate entanglement of 
these quantum channels. As we will show in the following, the quantum channel for encoding the 5-qubit code requires 
3-ebit entanglement, the 7-qubit code requires 2-ebit entanglement and the 9-qubit code requires 1-ebit entanglement. 
It is interesting that the most condensed error correction code requires the most entanglement. 

We first show the 7-qubit quantum error correction code via entanglement because it contains higher symmetry. 
The two output state basis for encoding are 

\<h) = ^= {|000) (10000) + |1111)) + |011) (|0011) + |1100)) + 

|101) (|0101) + |1010>) + 1 110) (|0110) + |1001»} , (54) 
I'M = ^= {|in> (10000) + |1111)) + |100) (|0011) + |1100» + 

|010) (|0101) + |1010» + |001) (|0110) + |1001»} . (55) 
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The LRUOs are given by Uiq = u z ® • • • ® cr z and Uqi — <j x ® ■ ■ ■ ® cr x . In this case, one of the even (or odd) order of 
qubits will be the error corrected using the rest of the qubit. 

The broadcasting channel for encoding |£ e ) = ^ (|0) |0o) + |1) |0i)) can be written in the following two ways: 

|&) =i {(loooo) + 11111)) (loooo) + 11111)) 

+ (|0011) + |1100>) (|0011) + |1100>) 
+ (|0101) + |1010>) (|0101) + |1010>) 

+ (|0110) + |1001)) (|0110) + |1001))} (56) 
= (|00) + |11)) (|00) + |11)) (|00) + |11)) (|00) + |11)) 
+ (|00) - |11)) (|00) - |11)) (|00) - |11)) (|00) - |11)) 
+ (|01) + |10)) (|01) + |10» (|01) + |10)) (|01) + |10)) 

+ (|01) - |10)) (|01) - |10» (|01) - |10» (|01) - |10)) (57) 

Both representations suggest that this state can be considered to be a maximally entangled state of four levels. (The 
first representation is in two maximally entangled 4-level particles and the second is in four maximally entangled 
4-level particles.) Thus the state has log 2 4 = 2 e-bit entanglement 

For the 5-qubit error correction code via entanglement, the output state basis for encoding is given by (in the 
representation of Barenco et al Q ) 

|0o) = |000 + 111) 1 00) - |010 + 101) |11) 

+ [001 + 110) |01) + |011 + 100) 1 10) , (58) 
|0!) = - |000 - 111) |11) - |010 - 101) 1 00) 

- |001 - 110) 1 10) + |011 - 100) |01) . (59) 

In this case, the first qubit will be error corrected using the rest of qubits. The role of qubits are rather asymmetric 
in this case. The LRUOs are given by 

Uw — &x <£> Cx <£> <r x ® 1 ® 1 (60) 

and 

[7 i = -cr 2 ® a z ® a x ® a z ■ a x ® a z ■ a x . (61) 

The quantum channel for this case can be represented by the maximally entangled state of an 8-level system, which 
contains 3 e-bits of entanglement. 

For the 9-qubit error correction code, the encoding output state basis are: 

\<t> ) = |000 + 111) |000 + 111) |000 + 111) , (62) 
\4>x) = |000 - 111) |000 - 111) |000 - 111) . (63) 

The LRUOs are given by U±o = a x ® • • • ® a x and Uqi = <r x ® • • • ® <r x (although these LRUOs are not unique) . In 
this case, any of the qubits in the state can be error corrected using the rest of qubits, so the role of each qubit is very 
symmetric. The quantum channel for encoding is represented by the maximally entangled state of 2-level system, 
which suggests the amount of entanglement is 1 e-bit. 



VI. SUMMARY 



We have presented a generalization of quantum teleportation for distributing quantum information of a d-level 
particle from a sender to M remote receivers via an initially shared multiparticle entangled state. The entangled 
state functions as a multiparty quantum channel for distributing information. This entangled state is a maximally 
entangled state between the port particle of the sender and the output particles of the receivers. The existence of 
two LRUO (U[^ cal and Ul\ cal ) for the output state basis is essential for our information distribution to allow multiple 
receivers at arbitrary locations. 

We have presented optimal quantum information broadcasting of a d-level particle, asymmetric telecloning of qubits, 
and tele-error-correction as examples of the quantum information distribution scheme. For the quantum information 
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broadcasting, we show the pure output state for 1 — > M optimal cloning of d-level particles including ancillas. This 
output state is a physical implementation of the optimal cloning map presented by Werner Jl^| . The investigation 
of the asymmetric telecloning for qubits suggests that quantum information of the input qubit is only transmitted 
by a directly entangled channel. The tele-error-correction scheme provides another interpretation of quantum error 
correction from the viewpoint of entanglement and allows an interesting observation of the amount of entanglement 
required for the quantum channel for encoding. This scheme can be used for secure communication. 
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APPENDIX A: 

We show a detailed derivation of Eq. (p7|). First we show the case i = and then show the case i ^ 0. For the 
case of i — 0, the terms which give non- vanishing contribution of the scalar product in Eq.(j27]) are the terms which 
contains at least one {0} in the computational basis representation. This requires ao = 0. Only the first tim—x out of 
n,M terms in the symmetrized states are ao = and contribute in the sum of Eq. (p7|) . For < k < tim-i — 1, a 

symmetric state can be decomposed into the two parts 

|CD = ; \Pm (0, ax, ■ ■ ; a M -i)) p A 

|0) P <8> \Vm-x {a\,- ■ -,a M -i)) 



n 



, 1 E \a,j) ® \Vm-i (0, • • •a 3 -_i,aj+i,- • ',o M -i)) • (Al) 



The scalar product is now given by 



TlM — 1 toM — 1 — 1 

fe=0 k=0 



-JrW) 



k=0 



which is a special case of Eq.(27) with k = g (0, k') = k'. 

For i 7^ 0, the decomposition of the M particle symmetrized state in terms of the M — 1 symmetrized state is 

1 



l^k 1 ) = , \Pm (a ,ai, • • -,a M -x))p A 



\aj = i) p (g) \Vm-i {ao, ■ • ■, a>j-i,a>j+i,- • a M -x)) A 



f) 



-, E \ a i) ® \Pm-i {ao, ■ ■ -,aj-x,aj+x, • ■ -,a M -i)) A ■ (A3) 



Then the scalar product is 
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TIM — 1 

E 

fc=0 



E p(^n PA 0i4 M )c= e 



M-l\ 



k'=0 



PA 



- E 



PA 



S S (i,fe') 



(A4) 



since k = g(i, k'). 
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